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A N O N S T A T I O N A R Y  A X I S Y M M E T R I C  M O T I O N  O F  G A S  

V.  A .  D v o r n l k o v  UDC 533.601.1 

[1], 
A x i s y m m e t r i c  n o n s t a t i o n a r y  and l r r o t a t l o n a l  mo t ions  of  gas  can  b e  d e s c r i b e d  by  the  s y s t e m  of  equat ions  

Oa Oa T 8a [ O(Nr) , OT ] 
r- -~ + Nr ~ + bO + (u 1) a ---77---r -~-- ~- + N + T ctg 0 = 0, (1) 

ON 0 
o-7- + -g7 [(N2 + T*)/2 + a/('~ - -  l)l = 0, 

ON O ( T r ) =  O, a = dp 
80 Or " ~ '  P =  APV' 

w h e r e  N and T a r e  the  r a d i a l  and the t angen t i a l  c o m p o n e n t s ,  r e s p e c t i v e l y ,  of  the gas  ve loc i ty ;  a is  the s q u a r e  
of  sound ve loc i ty ;  r ,  0 axe  the  s p h e r i c a l  c o o r d i n a t e s .  

A c l a s s  of  so lu t ions  wi l l  be  found for  s y s t e m  (1) a s s u m i n g  tha t  the  v e l o c i t y  c o m p o n e n t s  N, T depend on 
the  angle  0 and the  t i m e  t only.  It fo l lows f r o m  the t h i r d  equat ion  in (1) tha t  

N = / (0, t), T =: 10 (0, t). (2) 

By  I n s e r t i n g  N and T as  g iven b y  (2) into t he  s econd  equa t ion  of  (1), an e x p r e s s i o n  is  ob ta ined  fo r  the s q u a r e  of  
sound v e l o c i t y  in t e r m s  o f  the funct ion f (0 ,  t) 

a ----- - -  (V --  t ) [ r ] ;  + ~p(0, t)], (3) 

w h e r e  $ (0 ,  t) is an a r b i t r a r y  funct ion.  The  use  of  (2) and (3) r e d u c e s  the f i r s t  equat ion  in (1) to the fo l lowing 
s y s t e m :  

1 = t(9 (o) + x (0), r + A (0) t2/2 + B (0) t + ~ (0) = 0. 

( , / --  i ) ,  (21 + / o  ctg 0 + /o0)  + 1o*o = 0, 

w h e r e  

A (0) = (2~ - -  t) (9~ + (~ - -  t) (9oo(9 -4- (9,2 _f_ (~, _ t) (9(90 ctg0; B (0) = (2"? - -  1) x(9 4- (~, - -  t) xoo(9 -t- xo(9o -i- (~' - -  l),~xo ctg 0; 

/z(0) is an a r b i t r a r y  funct ion.  Since 0 and t a r e  independent  v a r i a b l e s ,  t h e r e f o r e  (4) i m p l i e s  an o v e r d e t e r -  
m ined  s y s t e m  of  equa t ions  fo r  f ind ing  q~(0), x (0 ) ,  It(O) 

(V --  i) (2r + r ctg 0 -~- Too) A + (9oAo = 0, 

(V --  t) (2x + xo etg 0 -k- xoo) A -t- xoAo + 2B (~1 --  | )  (2(9 + (90 ctg 0 + (900) + 2(9oBo = 0, 

('~ - -  1) (2( 9 -!- (90 etg 0 + (900) ~t + (9'olto + B (y - -  1) (2x -+- xo ctg 0 + 

+ xoo)+  xoB; = 0, 

(Y - -  l)(2x + xoetg 0 -k- xoo) ~t + xo~o = 0. 

(4) 

(5) 

The  c o n s i s t e n c y  of  (5) is now ana lyzed .  By  a s s u m i n g  tha t  ~p~ ~ 0, x'0 ~ 0, one can  e l i m i n a t e  f r o m  (5) A'0, B ~ ,  
T 

# 0- As  a r e s u l t ,  one  a r r i v e s  at  a r e l a t i o n  b e t w e e n  x and ~p, 

lAx'o/(9o + 2~o/~o - 2~1 [a,/~o - x / ~ o l  = o, (6) 

T o m s k .  T r a n s l a t e d  f r o m  Zhurna l  P r ik l adno i  Mekhaniki  l T e k h n i e h e s k o i  F i z ik i ,  No. 5, pp. 94-98,  Sep-- 
t e m b e r - O c t o b e r ,  1978. Or ig ina l  a r t i c l e  s u b m i t t e d  S e p t e m b e r  22, 1977. 
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w h e r e  ~b = (2~ .q- (p~ ctg 0 q- r - -  1); X = ( 2 x  + x'0 ctg 0 + xg0)(V --  t). 

By  se t t i ng  the  second  f a c t o r  equal  to z e r o ,  a d i f fe ren t ia l  r e l a t i o n  is obta ined  be tween x and ~o, 

x =  ~[Cl S ~-2Rd(~ -}- c2] 'where R ~ e x p  [2 ff r (r 

Under  condi t ion (7), s y s t e m  (5) is a s  fo l lows :  
fo r  A ~ 0 one  has  

A ~  + q'oA'o := 0, B =  %A, it c4A; 

f o r  A = 0 o n e  h a s  

(7) 

(8) 

(2y--  t)q~ -4- ('r - -  1) qooq~ -l- (~o 2 + (Y --  l) qvq~ ctg 0 = 0, (9) 

OB + ~ B o  = 0, (I)it + r = 0 .  

The  second  equat ion of  (8) i m pose s  an addi t ional  d i f fe ren t ia l  r e l a t i o n  on x and ~p, which toge the r  with A and B, 
can  be  given by  

A [c3 - ~/~o1 --  ~ [ z -  ~x~/q ~1 = o. (lO) 

]By subs t i t u t i ng  the  va lue  of  x f r o m  (7) into (10), one a r r i v e s  at  an equat ion fo r  ~o 

. S ( ~ - Z R d T - - . R / T ] - - ( p R = O  

33:7 d i f fe ren t i a t ing  the  above with r e s p e c t  to O, one  obta ins  the  f i r s t  equat ion (8), 

AO -t- (p0A0 -= 0. 

Thus ,  s y s t e m  (5) under  condi t ion  (7) is cons i s t en t .  

S y s t e m  (9) is now ana lyzed .  The  addi t ional  d i f fe ren t ia l  r e l a t i o n  be tween  x and ~v in s y s t e m  (9) d e t e r -  
m ines  the s e c o n d  equat ion.  The  e x p r e s s i o n  for  B f r o m  (4) under  the condi t ion (7) and for  A =0 is 

B = - - c l ~ R .  

By subs t i tu t ing  this  va lue  o f  B into the s econd  equat ion in (9), one f inds 

R[(2y - -  l) q9 ~ -{- (u - -  l) fPooq) + q)o 2 -4- (? - -  1) (Po q~ctg 01 = 0~ 

which  impl ies  that  (9) is cons i s t en t .  Then one has  p = %~oR as well .  

The  c a s e  is now c o n s i d e r e d  when the f i r s t  f a c t o r  in (6) van i shes ,  i .e . ,  

it = Bx'ol r - -  ( x'o2A ) / (  2~o2). (11) 

] :nsert ing (11) in the  las t  two equat ions  of  (5) one a r r i v e s  at a s y s t e m  for  x and ~0 

2B i X  + F'ox'o/ F ] - -  A [ F X + 2Fox'o --  (I)Fx'o/(Po] + 2B'ox'o = 0, (12) 

B [OF + (p'oF'o + X] --  Aff'oFFo + 2B'oxo = 0, 
! ? 

w h e r e  F =xo/cp O. By s u b t r a c t i n g  the  f i r s t  equat ion f r o m  the second,  one finds tha t  

[ Ax'o/eP'o --  B][(x00(po --  x'o~oo)/~'o -~- X - -  (I)x'o/% ] = 0. (13) 

~3y se t t ing  the  f i r s t  f a c to r  equal  to z e r o ,  one f inds 

B = Ax'o/r (14) 

]~f one  subs t i tu tes  B f r o m  (14) into the second  equation of  (12), one a r r i v e s  at the e x p r e s s i o n  

A[F2~P --  F X  ~- 2F'oxo] = 0. (15) 

The  equat ion A =0 toge the r  with (14), (11) impl ies  that  B = 0 ,  p =0;  the  l a t t e r  compl i e s  with the p a r t i c u l a r  c a s e  
of  the condi t ion (7). The  van i sh ing  of  the  second  f ac to r  toge ther  with (15) y ie lds  an equat ion for  x 

(V - -  3)(x0eq~'e --  (~0ex0) + 2 (y - -  t)(xT0 - -  (px~) = 0, 

the s econd  equat ion fo r  q~ be ing  given by  (14). A cons i s t en t  so lut ion of  these  two equat ions  is given by x =c(p, 
which  a l so  a g r e e s  with a p a r t i c u l a r  c a s e  of  condi t ion (7). 
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If one se t s  the second fac to r  in (13) equal to zero ,  one obtains a different ia l  r e la t ion  between x and r 
employing the la t t e r ,  the second equation in (12) is given in the f o r m  

(x0(P - -  z % ) [ ( i  - -  2?) A ~- (3? - -  2) 2 q~/?] ---- 0. 

The vanishing of the f i r s t  f ac to r  impl ies  that x =c(p. This  re la t ion  between x and (p has p rev ious ly  been ana-  
lyzed. The vanishing of the second fac tor  r e s u l t s  in an equation for  q~, 

,$ 
I2 v - -  1 - - (3?  - -  2)s/(27 s - -  ?)] q~2d- % + (? - -  1) (P00~0 + (y - -  i) ~cf~ ctg 0=0,  

which together  with the f i r s t  equation (5) admits  a consis tent  solution only given in the f o r m  cp=0. 
T 

The ease  of cp 0 =0, x~ =0 is now analyzed.  For  ~p ~=0 Eq. (5) impl ies  that  q) =0. By us ing(4)  one obtains 
the s t a t i ona ry  s ta te  of the flow, 

N = x ( 0 ) ,  T = ~ (o), ~ = (?- i)=~(0). 

Under the conditions of a s t a t i ona ry  s ta te ,  s y s t e m  (1) impl ies  the B e r n o u l l i - E u l e r  integral  which imposes  a 
different ia l  r e la t ion  between x and p given by (x 2 +x~2)/2 +g  = const .  I f  this equation is taken into account to-  
gether  with the las t  equation in (5), one can b r ing  the s y s t e m  (1) to a s ingle equation for  the function x(0) ,  

r ,2 
xo0 (a 2 -  xo ) + (2a 2 -  " xo ) x -{- aSxo ctg 0 = 0 

a 2 = - -  (? - -  1)(x 2 d- x'o')/2 -4- c, 

which desc r ibes  the a x i s y m m e t r i e  conical  gas flow; it was analyzed in [2, 3]. The case  of x~ =0 (x ~ 0) r e su l t s  
in p = 0 ,  B = 0 ,  A=0 .  F o r x = 0 o n e h a s  B = 0 ,  /~=clA. 

Thus,  s y s t e m  (5), ful ly analyzed for cons is tency ,  is desc r ibed  in the ca se  of a nons ta t ionary  s ta te  of  gas 
flows by the following functions of the va r i ab l e s  r ,  0, t :  

N (0, t) = ~[ t  + c2 + r ~ ~ - ' , d ~ ] ,  

a (0, t) = - -  (? - -  i)[(pr + (cst2/2 -b cat d- c a)/(R~o sin 0)(v-')], 

where  cfl can be found f r o m  the equation 

,Z 

[(2? - -  i) q~2 + (? _ i) r ctg 0 d- tp0 + (? - -  l) (P%0] �9 -4- 

~- [(2? -- i) q~2 _{_ (V -- i) qD(p0 ctg 0 + q~0 + (? -- i) qg~0o]0 ~o0 = 0. (16) 

Two particular solutions of Eq. (16) are available. The first one is (p =e 6 cos (0 +c7). The other one can be 
found from the equation 

,2 

(2? -- i) q~2 ~_ (~ _ i) (p(p0 ctg 0 -~ qD0 -b (? -- i) qc(P00 =0.  (17) 

Equation (17) is transformed to a Legendre equation with the aid ofthe substitution q) =y(T -I)/T . For  the 
latter the general solution was found in [4] which for q) oan be written as 

(P= " 2'v t§ ' 2't cos20 -4-c~cos0 F , 1 ,  ~- , -~- ,cos20 

where  ~ = ( 3 ~ / - 2 ) / 2 ( T -  1); F is the  h y p e r g e o m e t r i c  function. 

1 ~  

2. 
3. 

4. 
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